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Abstract. This is the first in a series of papers where we study logarithmic intertwining operators 
for various vertex subalgebras of Heisenberg and lattice vertex algebras. In this paper we exam- 
ine logarithmic intertwining operators associated with rank one Heisenberg vertex operator algebra 
M{l)a, of central charge 1 — 12a^. We classify these operators in terms of depth and provide ex- 
plicit constructions in all cases. Our intertwining operators resemble puncture operators appearing 
in quantum Liouville field theory. Furthermore, for a — we focus on the vertex operator subalge- 
bra L(1,0) of M(l)o and obtain logarithmic intertwining operators among indecomposable Virasoro 
algebra modules. In particular, we construct explicitly a family of hidden logarithmic intertwining 
operators, i.e., those that operate among two ordinary and one genuine logarithmic L{1, 0)-module. 



0. Introduction 

The theory of vertex algebras continues to be very effective in proving rigorous results in two- 
dimensional Conformal Field Theory (CFT) (for some recent breakthrough see IHll , l|H2|l . IILe| ). 

In 1993, Gurarie IGull studied a CFT-like structure with two features absent in the ordinary CFT: 
logarithmic behavior of matrix coefficients and appearance of indecomposable representations of 
the Virasoro algebra underlying the theory. There are several additional examples of "logarith- 
mic" models that have been discovered since then (see for instance IGKll , (FT) , IIGll , and espe- 
cially MFFHSTI , IIF2I , IIG2I and references therein). By now, a structure that involves a family of 
modules for the chiral algebra, closed under the "fusion", with logarithmic terms in the operator 
product expansion is usually called a logarithmic conformal field theory (LCFT). The most important 
examples of LCFTs are the so-called rational LCFTs. These involve only finitely many inequivalent 
irreducible representations, but also some indecomposable logarithmic representations so that the 
modular invariance is preserved (e.g., the triplet model llGKll . llGK2ll . IIGEsI . IBFI . etc.). We stress 
here that neither LCFT nor rational LCFT are mathematically precise notions. 

In IIMli we proposed a purely algebraic approach to LCFT based on the notion of logarithmic 
modules and logarithmic intertivining operators. The key idea is to introduce a deformation parame- 
ter log(x) and to define logarithmic intertwining operators as expressions involving intertwining- 
like operators multiplied with appropriate powers of log(a;), such that the translation invariance 
is preserved. These operators can be used to explain appearance of logarithms in correlation func- 
tions. In our setup we do not require an extension of the space of "states" for the underlying 
vertex algebra. There are other proposals in the literature IIFFHST|I where log(a;) is also viewed as 
a deformation parameter, but with an important difference that log(x) is also part of an extended 
chiral algebra (or an OPE algebra). Even though the construction in IIFFHSTII has been shown 
successful in explaining various logarithmic behaviors of CFTs, it is unclear to us if the approach 
in IIFFHSTII can be used to address the problem of fusion. On the other hand, logarithmic inter- 
twining operators have been used by Huang Lepowsky and Zhang in BHLZII as a convenient tool 
to develop a generalization of Huang-Lepowsky's tensor product theory [HL[ to non-semisimple 
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tensor categories. Another important contribution is Miyamoto's generalization of Zhu's modular 
invariance theorem for vertex operator algebras satisfying the C2-condition ]Myl| , which possi- 
bly involve logarithmic modules. In view of ]Myl| we tend to believe that rational LCFT give rise 
from vertex algebras satisfying the C2-cofiniteness condition. 

From everything being said it appears that several important aspects of LCFTs can be studied 
in the framework of vertex (operator) algebras. 

This paper continues naturally on IMll and IIM2L In the present work we focus on a simple, yet 
interesting class of vertex operator algebras-those associated with Heisenberg Lie algebras and the 
Virasoro algebra. The aim here is to construct a family of logarithmic intertwining operators asso- 
ciated with certain weak M (l)a-modules, which can be used for building logarithmic intertwining 
operators among indecomposable representations of the Virasoro algebra and various W-algebras 
( [AMJ, [M3J). The most interesting part of our work is an explicit construction of the so-called 
hidden logarithmic intertwining operators, i.e., those which intertwine a pair of ordinary and one 
logarithmic module. We should stress here that our logarithmic intertwining operators are closely 
related to puncture operators appearing in quantum Liouville field theory llSell . IIZZI . 

Let us elaborate the construction on an example. Consider the Feigin-Fuchs module M(l, \)a 
of central charge c = 1 — 12a^ and lowest conformal weight ^ — a\. Tensor the module M (1, A)a 
with a two-dimensional space $7, where /i(0) acts on Q. (in some basis) as 

A 1 
A 



so we obtain a weak M(l)a-module A/(l, X)a ® ^- Now it is easy to see that M{1, X)a (8 is an 

2 

ordinary module if and only if A = a, so that M{l,a)a ® ^ is of lowest conformal weight — 
Our main results (cf. Theorem I5.5l and Theorem I7.5|l then provides us with a genuine logarithmic 
intertwining operator of type 

W 

,M(1, a)a ^ M(l, a)a ^ ^ 

where is a logarithmic module. Notice that for special a this result is in "agreement" with some 
results in the physics literature. For instance, for c = — 2 and a = ^, the lowest conformal weight 
of Af (1, i) 1 (g) is This model is known to be logarithmic after IIGuL More generally, one takes 

c = 1 - ^^^,p > 2 (cf. lAMl, M). 

2 

We should say here that Feigin-Fuchs modules M{l,a)a with the lowest conformal weight — ^ 
and central charge 1 — 12a^ are indeed special from at least two points of view. These modules are 
self-dual (cf. (|3.9|)) and in addition we have 

24 24 ' 



so that 



fr-l „-f'(0)-c/24 _ 1 
W|M(l,a)„9 - 



Vir) 

where i]{t) = g^/^^ n£i(l ~ the Dedekind r^-function. In fact these are the only Feigin-Fuchs 
modules whose modified graded dimensions are modular functions. 

Let us briefly outline the content of the paper. In Section 2 we recall the notions of logarithmic 
module and of logarithmic intertwining operator. In sections 3 and 4 we prove some standard 
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results about extended Heisenberg Lie algebras, the corresponding vertex operator algebras and 
associated logarithmic intertwining operators. In Section 5 we derive a logarithmic version of 
the Li-Tsuchiya-Kanie's "Nuclear Democracy Theorem" for logarithmic intertwining operators 
needed for our construction. In sections 5 and 7 we provide a classification of logarithmic in- 
tertwining operators among a triple of logarithmic M(l)a-modules. Finally, in sections 9 and 10 
we use certain restriction theorems for construction of logarithmic intertwining operators among 
triples of logarithmic L(l, 0)-modules. In particular, we obtain a family of hidden intertwining 
operators from a pair of ordinary 0) -modules. Section 11 is an introduction to l|AMI| and 

This paper is based on a talk the author gave at the AMS Special Session on Representations 
of Infinite Dimensional Lie Algebras and Mathematical Physics in Bloomington, IN, April 2003. 
Because of the recent increasing interest in LCFT we decided to make our paper public. 

Acknowledgments: We are grateful to anonymous referees for several useful comments. 

1. Logarithmic modules and logarithmic intertwining operators 

In this section notation and definitions are mostly from IIDLMI , IIHLZI , IILLII and IIMll . For an 
accessible introduction to vertex (operator) algebras and their representations we refer the reader 
tolLLl. 

Definition 1.1. Let {V,Y, l,uj), V = ]J^Vi, be a vertex operator algebra. A logarithmic ^-module 
M is a weak y-module IIDLMII which admits a decomposition 

M = ]J Mh, hi e C, for some A; G N 

he{hi+Z+, 1=1,. ..,k} 

Mh = {v e M : (L(0) - = 0, for some m}, dim{Mh) < +oo. 

Here Mh denotes the generalized homogeneous subspace of M of generalized weight h. 

It is important to mention that we use the definition of weak module as in IIDLML so that M 
carries an action of the full Virasoro algebra and not only the L(—l) -operator. Hence, for every 
V ^ Vi and ?n G Z we have 

VmMh C Mh+i-m-l- 

The category of logarithmic ^-modules COQ is essentially just a different name for the category 
O introduced in IIDLML In particular every logarithmic module is admissible IIDLML We say 
that a weak F-module is a generalized logarithmic module if it decomposes into (not necessarily 
finite-dimensional) generalized L(0)-eigenspaces. Furthermore, we will say that a logarithmic V- 
module M is genuine if under the action of L(0) it admits at least one Jordan block of size 2 or 
more. 

We recall the definition of logarithmic intertwining operators from [MIL More precisely, here 
we are using a slightly more general definition following IIHLZL In what follows log(a;) is just a 
formal variable satisfying ^log(a;) = ^. 
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Definition 1.2. A logarithmic intertwining operator among a triple of logarithmic ^-modules Wi, 
W2 and W3 is a linear map 

yi-,x)- ■.Wi^W2^ W3{x}[log(x)] 

(1.1) y{wi,x)w2 = 5^5^1og"(x)x— H7/;i)Wi/;2, S End(T^2, V^s), 

satisfying: 

(i) (Truncation condition) For every wi £ Wi, W2 & W2 and a G C, 

(^i)Q+m^2 = 0, for ?n G N, m >> 0. 

(ii) (Translation invariance) For every wi G Wi, 

[L{-i),y{wi,x)] = ^y{m,x). 

(iii) (Jacobi identity) For every Wi G Wi, i = 1,2 and v £V, we have 

1^ / Xi X2_\ Y(^y^xi)y{wi,X2)w2 - Xq'^5 ( 3;(tt;i,x2)y(u,xi)t(;2 



(1.2) =X2^6(— — —] y{Y{v,xo)wi,X2)w2. 

\ X2 J 

We will denote the vector space of logarithmic intertwining operators among Wi, Wo and W^ 

by 

W^ 
,Wi W2, 

We say that a logarithmic intertwining operator is genuine if {wi)^a'^ is nonzero for some k>l and 
some wi G Wi. A genuine logarithmic intertwining operator of type (vi/f^'j) is called hidden if two 
modules Wi and IVj are ordinary ^-modules, where C {1,2,3}. 

Definition 1.3. A logarithmic intertwining operator y of type (p^/^^^) ^^^"^ '''^ strong if 

(1.3) depth(J^) := sup{A: : {wi)'^^'^W2 7^ 0, a G C, G VFi,u;2 G VF2,fc G N} 
is finite. 

In other words, for strong logarithmic intertwining operators the powers of log(x) are globally 
bounded. 

Definition 1.4. A logarithmic intertwining operator y is said to be locally strong if 

y{wi,x) G Hom(W2, VF3){x}[log(x)], for every tfi G Wi. 

The previous definition was used in MMlll as the definition of logarithmic intertwining operators. 
In this paper we shall only study strong intertwining operators. From the previous definitions we 
clearly have a chain of embeddings 

(1.4, UJt.\^MIi.)-MIi.)U 



W1W2I - \W1W2) - \W1W2) - \W1W2)' 
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where 1st, hst and lord stand for the vector space of strong, locally strong and ordinary intertwin- 
ing operators, respectively. 

Proposition 1.5. (i) Every strong logarithmic intertwining operator y of type (vj/^^^) ^^fi'^^^ 
ordinary intertwining operator of the same type. 
(ii) Every locally strong logarithmic intertwining operator y among a triple of finitely generated mod- 
ules is strong. 

Proof. Let k = depth(3^). From 

k 

yiw,x) = ^y*)(u;,x)logXx) 

i=0 

it is clear that the truncation condition and Jacobi identity hold for From ^log'^(x) = 

|log^~^(x) it follows that 

[L{-i),y^'^\w,x)] = ^y^''\w,x). 

To prove (ii) it suffices to assume that Wi is finitely generated. Let {wi^i, ...,wi^m} be a generat- 
ing set of VFi so that for every it; i G VFi, there exist G V and rii G Z such that = X]f=i(t'j)ni'"^i,i- 
Let 



y{wi^i,x) = ^y*)('Wi,,,x)log*(x), ri G N. 



i=l 



The Jacobi identity now gives 

y{Y{vi,xo)wi^i,x) 

(1.5) = ReS:i.iXo^(^ (— — -] Y{vi,xi)y{wii,x) - Xq^5 ( ^ y(wi^i,x)Y{vi,xi). 

\ J " \ xo J 

After we take Coeff -n^-i in (|1.5|) we see that the powers of log(x) in y{{vi)niWi i, x) are bounded 

by the highest power of log(x) in y{wi^i,x). Because of the finiteness of the generating set Wi, the 
powers of log(x) in y are globally bounded. ■ 

Remark 1. In the previous proposition we considered a canonical map 

sending a strong logarithmic inertwining operator to its "top" (or the depth) component. This 
map is clearly surjective, but it is far from being injective (see Lemma |5^ . Therefore, in general, 
the logarithmic fusion rules (i.e., dim / {w^w2)^ same as the nonlogarithmic fusion 

rules (i.e., dim lord (11/^^/2))' 

Remark 2. It is tempting to relax the condition in il.l} and assume instead that 

(L6) y{; x)- : Wi(^W2^ T^3{^}[[log(x)]]. 

We will show (cf. Section 8) that there is a downside for doing that. One could even put further 
restriction on and force a freshman calculus "formula" 

(L7) e'°s(^) = x. 
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This identity, in our formal variable setup, is unnatural and it should be avoided. The main prob- 
lem is that e'°^*^^) — x is a unit in the formal ring C[[x, log(a;)]]. 



2. An extended Heisenberg Lie algebra 

Let [) be a finite-dimensional complex abelian Lie algebra with an inner product (•, •). Consider 
the central extension of the affinization of t), denoted by f), generated by h{n) := h ® f^, n G Z, 
h e i), with the bracket relations: 

[a{m),b{n)] = m{a,b)6m+nfiC, 
[C,h{m)]=0, 

where a, 6 G f), m, n € Z and C is the central element. 

For purposes of this paper we will assume that dim(()) = 1 with a fixed unit vector h, so that 

[h{m), h{n)] = mSm+nflC. 

The Lie algebra \) is an example of an extended Heisenberg Lie algebra (of course, the Heisenberg 
Lie algebra associated with () does not involve /i(0)). Let 

b = b<o © ^>o © C/i(0) © CC, 

where ^<o and 6>o are defined as usual. Denote by Ck the category of restricted Z-graded, ^- 
modules of level k, i.e., the category of Z-graded modules W = U^g^ 

h{n)Wm ^ Wm-n, for every m,n £ Z, 

such that there exists G N, so that Wn = for n < N, and the central element C acts as the 
multiplication with k. 

Let us denote by M{k) = lY(^<o) • 1 essentially unique irreducible lowest weight module of level 
k, where h{n) -1 = 0, for 77, > and the grading is the obvious one (see BFLMII ). 

Then we have a version of the Stone- Von Neumann theorem for the extended Heisenberg alge- 
bra ^: 

Lemma 2.1. Let W be a restricted \)-module of level k. Then 

(2.8) W ^ M{k)0n{W), 

where ^}{W) = {w £W : h{n)w = 0,n > 0} (the vacuum space ofW) is instable. 

Proof: It is known (see Theorem 1.7.3 in BFLMII , for instance) that every restricted module for the 
Heisenberg algebra ^ = ^ \ C^(0) admits a decomposition (|2.8|) where rJ(VF) is the vacuum space 
of W. Now, ^(0) commutes with h{n) for every n, hence it preserves the vacuum space Q{W). ■ 



3. Logarithmic M(l)a-MODULES 

The Heisenberg vertex operator algebra is omnipresent in conformal field theory and represen- 
tation theory. Despite of its simplicity, it is the main tool for building (more interesting) rational 
vertex operator algebras (e.g., lattice VOAs IDl, IIFLMII ). Moreover, Heisenberg vertex operator 
algebras also contain many interesting subalgebras (e.g., VT-algebras LFKRWl ). 
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It is well-known (cf. iFrBl . iFLMll . llK2ll ) that (M(l), F, 1, w^) has a vertex operator algebra struc- 
ture of central charge c = 1 — 12a^, where 

c^a= ^ ^ +a/i(-2)l. 

This VOA will be denoted by M(l)a. It is known that M{\)a has infinitely many inequivalent 
irreducible modules, which can be easily classified |LL| . For every highest weight irreducible 
A/(l)a-module W there exists A € C such that W = M{l)a ® ^x, where Qx is one-dimensional and 
/i(0) acts as the multiplication with A. Such a module will be denoted by M(l, \)a- The restricted 
^-modules are essentially logarithmic M(l)a-modules. Since M{l)a is at the same time ^, M{l)a 
and Virasoro algebra module, we stress some differences under taking the contragradient module. 
If we denote by M{1, X)* the dual ()-module of A/(l, A), under the standard anti-involution h{n) i— > 
—h{~n), then we have 

M(l, A)* ^ M(l,-A), 

viewed as ^. On the other hand, if we denote by M(l, A)^ the contragradient M(l)a-module (or 
the dual Virasoro algebra module) of A/(l, X)a (cf. IIFHLII ), then we have 

(3.9) M(1,A)1 ^M(l,2a-A)„. 

Let us also mention the automorphism r of Af(l)a, uniquely determined by r(/i(—ni) • • • /i(— n^)!) = 
{-l)''h{-ni) ■ ■ ■ h{-nk)l. This map does not preserve the Virasoro element uja, unless a = 0. 
As in Lemma 12.11 we now describe all logarithmic modules for the vertex operator algebra 

M{l)a. 

Proposition 3.1. Suppose that W is a logarithmic M{l)a-module. Then, viewed as an i)-module, W = 

M{i)a^n{w). 

Proof: Every weak M(l)a-module carries a level one representation of ^ via the expansion 

Y{h{-l)l,x) = ^/i(n)x-"-^ 

Because W is logarithmic, it is also a restricted Z-graded ^-module. An application of Lemma IZTl 
yields W = M{l)a ^{W), for some vacuum space Q,{W). ■ 

Corollary 3.2. Suppose that {^^-^ — ah{0))\Q admits a Jordan block of size at least 2. Then M{l)a ® ^ is 
a genuine logarithmic M {l)a-module. 

In the case of irreducible M(l)-modules it possible to classify all intertwining operators and 
the corresponding fusion rules. The following result seems to be known (see MFrBII for instance). 

Proposition 3.3. Let M{l,X)a, M(l,r)a and M{l,u)a be three (ordinary) M{\)a-modules. Then the 
vector space of ordinary intertwining operators lord {m{i^x)^'mIi t) ) nontrivial if and only ifv = A + r. 
If so, lord (j\/(i^A) ''^M(i"r) ) oue-dimensionol. 

In Section 5 we will substantially generalize this result. 
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4. Generalized Logarithmic Intertwining Operators 

Here we show that certain spaces of "logarithmic operators" give rise to (generaUzed) loga- 
rithmic modules. In particular, this construction will be useful for classification of logarithmic 
intertwining operators among certain triples of logarithmic M(l)a-modules. We will closely fol- 
low Li's work IILil|l (see also IILi2ll ). The following definition is a logarithmic version of Definition 
6.1.1 in IILi2l (see also IILil|l ). 

Definition 4.1. Let y be a vertex operator algebra and Wi and W2 a pair of logarithmic V- 
modules. An operator valued formal series 

^x) = Y.Y1 </'i"^log"(x)x-"-i G Hom{Wi,W2){x}[[log{x)]] 

QGCneN 

is called a generalized logarithmic intertwining operator of generalized weight h if it satisfies the 
following conditions: 

(i) For every w G Wi we have 

(l){x)w G W2{x}[log(x)], 

and for every i 

(i) 

'Pa+m^ — 0) for m large enough. 

(ii) [L(-l),0(x)] = ^<A(x), 

(iii) For every v ^V, there is a positive integer such that 

{Xl - X2T''Y{V, Xi)<j){x2) = {Xi - X2)""(^(x2)r(f , Xl). 

(iv) There exists A; G N such that 

k 

. -h\ 

dx 

where adi(o)(/'(2;) = [L(0), (/)(2;)]. 



adi(o) - x-^ - h I (j){x) = 0, 



We will denote by Gh{Wi, W2) the vector space of generalized logarithmic intertwining opera- 
tors of generalized weight h and by G\og{Wi, W2) = ®h&cGh{Wi, W2) the vector space of general- 
ized logarithmic intertwining operators. 

Proposition 4.2. The vector space Giog(Wi, has a generalized logarithmic V -module structure. 

Proof. We will closely follow Section 6 in ||Li2|| (or Theorem 7.1.6 in MLill ), with appropriate modi- 
fications due to logarithms. As in Definition 6.1.2 in IILi2ll we let 

Y{u, Xo) o (^(X2) = ReSa;i (^Xq^6 (^-^-^r-^^ ^(^' Xi)(f){x2) - Xq'^S (^'~~~^^ (f>{x2)Y{u, Xi)^ . 

The L{—1) -property is then proven as in IILi2l . Let a G be a homogeneous vector of weight wt (a) 
and (p{x) a generalized logarithmic intertwining operator of generalized weight h, so that 

(adi(o) - - = 0, 
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for some A; € N. We claim that 

adi(o) -h- wt(a) - xq— J Y{a, xq) o (j){x2) = 0. 

By using Lemma 7.1.4 in iLill we get the identity 

[L(O),y(a,xo)o0(x2)] 

= ^wt(a) + 2;o^ + ^2^^ y{a, xq) o (j){x2) + Y{a, xq) o |^adi(o)0(x2) - 2;2^(A(x2)^ • 
Thus 

^adi(o) - wt(a) -h- xq-^ - ^2^^ y(a, xq) o (/)(x2) = Y{a, xo)o ^adi(o) - ^2-^ - hj <^(a;2). 

From the previous formula and property (iv) in Definition 14. 1 1 the claim now follows. Finally, the 
Jacobi identity is the verbatim repetition of the proof of Theorem 6.1.7 in ||Li2| . ■ 
In parallel with the ordinary case, generalized logarithmic intertwining operators are closely 
related to logarithmic intertwining operators. 

Lemma 4.3. Let W be a logarithmic V -module and (p G Homy (1^, Giog{Wi, W2)). Define 

m-,x) : W ^}lom{Wi,W2){x}[[\og{x)]], 
I^{w,x) = (l){w){x). 

Then /^(•, x) is a logarithmic intertwining operator of type (yJ^J- 

Proof. Firstly, 

I^{w,x)wi G VF2{a;}[log(x)]. 
Now we have to check properties (i)-(iii) in Definition [L2l Let 

I^{w,x) = ^^zz;i")log(xrx-"-i. 

oeCn>0 

Then the truncation property 

w^^j^^wi = for m > > 
is just a consequence of Definition 14. 1 [ (i) . Similarly, the L(—l) -property holds. The Jacobi identity 
is then proven as in formula (6.2.3) in IILi2|l . ■ 
The map between Homy(H^, Giog(V7i, ^^2)) and I defined in the previous lemma is 

clearly injective. Conversely, to every logarithmic intertwining operator y of type (yj)^^) we 
associate a map ijj G Homv/(VF, Giog(l^i, W2)), via 

'4^{w) = y{w.,x), w ^w. 

Combined together we obtain: 

Theorem 4.4. Let W, Wi and W2 be logarithmic V-modules. Then the vector space I (yj^^J is naturally 
isomorphic to Homv'(W, Giog(Wi, W2)). 

The next result is a logarithmic analogue of Li's Theorem 7.3.1 BLilll (after Tsuchiya and Kanie 
who proved an important spacial case V = Lgi^ {k, 0), k G N). We do not need this theorem in full 
generality so we just focus on a special case V = M{l)a. 
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Theorem 4.5. Let Wi and W2 be two logarithmic M{l)a-modules. Let $7 he a finite-dimensional l)-modide 
and y{-,x) a linear ma-p from to Hom(Wi, W2)[[log(a;)]]{x} satisfying the truncation condition, the 
L{—l)-property and 

(xi - X2r'^^^-^Y{a, xi)y{w, X2) - i-X2 + xir'^'^^-^yiw, X2)Yia, xi) 
(4.10) = x^'6 (^^) 3^(awt(a)-i • w, x), 

for every homogeneous a and w ^ fl. Then y extends uniquely to an intertwining operator of type 
W2 

M(l)„(8)0 Wi^ 

Proof. From (|4.10|) it follows that y{u, x) is a generalized intertwining operator for every u £ 
Moreover, Q, is also an >l(M(l)a)-module (where the Zhu's algebra A{M{l)a) is just the polyno- 
mial ring in one variable). Now we may proceed as in IILill . The linear map 3^ extends to an 
intertwining map from M{l)a ^ (The universal Verma M(l)a-module A7(0) appearing in Li's 
theorem is M{l)a ^ If there is another intertwining operator y' extending 3^1^, then y — y' 
would be trivial on 17. But M(l)a (g) O is generated hy Q, so y = y' . ■ 

5. Logarithmic intertwining operators among M(l)a-MODULES 

In this section we will give a sharp upper bound on the dimension of the vector space of strong 
logarithmic intertwining operators among certain logarithmic M(l)a-modules. From now on we 
shall assume that every logarithmic M(l)a-module is of the form M(l)a (g) O, where is a finite- 
dimensional f)-module such that (/i(0) — A)"|n = for some A and n large enough. Then Propo- 
sition 1.10 in MMlll implies that every intertwining operator among a triple of such modules is 
strong. If we remove the finite-dimensionality condition on Q it is not hard to construct logarith- 
mic intertwining operators that are neither strong nor locally strong. 

We prove a few lemmas first. 

Lemma 5.1. Suppose that {h{0) - A)""! = and (/i(0) - u)"^^ = Ofor some G N, i = 1, 2. Let 

/ W \ 

nrr,\ ^ ] ■ ^hcu for cvcry wi £ M {l)a ® aud W2 £ M {I) a ® ^2 havc 

(/i(0) - A - vf^^+'''^-^y{wux)w2 = 0. 

Moreover, if^i and ^''e one-dimensional ij-modules, then there are no genuine logarithmic intertwining 

( ^ 
operators of type (m(1). « 0^ M(l). ^ l^^, 

Vroof. Let wx € M{l)a ® and W2 € M{l)a (g ^2 so that {h{0) - A)'"i • wi = (/i(0) - i/)"'^ • -^2 = 0. 
From the Jacobi identity it follows that 

{h{o) - X - ur'+'^^-'y{wi,x)w2 



E 

il > 0, 42 > 
il + 12 = mi + m2 — 1 



^ ^)ymo) - xy'wi,x){h{o) - uy^w2. 



Now, it is easy to see that every term on the right hand side is zero. 
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If mi = 1712 = 1 then mi + m2 — 1 = 1, so /i(0) is diagonalizable on the image of y, but so is 
L(0) = i/i(0)2 - a/i(0) + En>o K-n)h{n). Now, apply Proposition 1.10 in iMll- ■ 

Let us recall (cf. BMIL IIHLZII ) that for every Wi G Wi of generalized weight hi,i = 1,2 and every 
3^ the vector 

is of generalized weight hi + h2 — a — 1 (independently of k). 
Lemma 5.2. Suppose that (/i(0) - A)™i l^i = {h{0) - u)""^ = and let 



,Af(l)a M(l)„ (g)02, 

x)u;2 G x''^VF((x)) x^'Hog{x)W {{x)) • • • x''^log(2;)™i+'"2-2^^(^)^^ 
/or euery Wi G M(l) (g) ilj, i = 1, 2. Equivalently, 

depth(>') < mi + m2 — 2. 

Proof. The proof goes by induction on mi + m2 > 2. For mi + m2 = 2 the statement holds by the 
previous lemma. From the same lemma and 

(5.11) miu, = h{Of - ah{0) 

it follows that L(O)|Af(i)^0Qj (resp. L{0)\;^j(^i-^^^q^) does not admit a Jordan block of size larger than 
mi (resp. m2). For the induction step we apply the bracket relation between L(0) and y{wi,x) 
and an elementary ODE argument as in Proposition 1.10, [Ml]. ■ 



Lemma 5.3. Let y and ilj be as in Lemma 15.21 Suppose further that A = 0. Then for every Wi G 
M{l)a ® rij, i = 1, 2 we have 

(5.12) y{wi,x)w2 G W{{x)) log{x)W{{x)) • • • log'^^~\x)W{{x)). 

If V = Q, then (I5.12l > holds with mi replaced by m2. 

Proof. By using the isomorphism / = / (^J'^J MMll , it is sufficient to consider the A = 

case, so that /i(0)|qi is a nilpotent operator. We prove the formula iS.llj by induction on mi. 
Firstly, let mi = 1, so M(l)a (g) Q,i = M(l)a. In this case we have to show that there are no 
genuine logarithmic intertwining operators (i.e., y{wi,x)w2 G W{{x))). From the L(— l)-property 
and L(-l)l = 0, it follows that 

{w'^,y{L{-l)l,x)w2) = ^{w'3,y{l,x)w2) = 0, ^ G w^. 

Thus 3^(1, x) is a constant term (operator) and it does not involve powers or log(x). Similarly, from 
the Jacobi identity, it follows that y{w, x)wi does not involve nonzero powers of log(x) for every 
w G M{l)a and wi G M{l)a ^^2- 

Now, suppose that ( I5.12D holds for every m < mi. For wi G l^i, and W2 G M{l)a ^^2 and 
w'^ G n{W') = n{Wy we clearly have 

{w'3,y{L{-l)wi, x)w2) = -^{w'3,y{wi,x)w2). 
On the other hand, the Jacobi identity gives 

yiLi-i)wi,x) =y{hi-i)h{o)wi,x) = :h{x)yih{o)wi,x) :, 
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SO that ^ 

— {w':^,y{wi,x)w2) = {w'3,y{h{0)wi, x)h{0)x~^W2) 

or 

(5.13) x-^{w'3,yiwi,x)w2) = {w'3,yih{0)wi,x)h{0)w2). 

If we denote 

n{Wi) = {h{0)wi : wi e ni}, 
then /i(0)'^^~^|Q(i4/j) = so by induction hypothesis the right hand side in (|5.13|l is of the form 
P(log(x)), where deg(P) < mi — 2. Therefore {w'^,y{wi,x)w2) is a polynomial in log(a;) of degree 
at most mi — 1. Now, the Jacobi identity implies that in {w'^,y{wi, x)w2) the powers of log(a;) are 
bounded by mi — 1 for every wi € M{l)a (8) f^i- The proof follows. ■ 

Lemma 5.4. Let y G I {y^^^lyj be a strong logarithmic intertwining operator of depth k among an 
arbitrary triple of logarithmic V -modules. Then 

k-l 

y^i{;x) := ^(i + l)y'+i)(.,x)W(x), 
i=0 

defines a strong intertwining logarithmic operator of depth k — 1. 

Proof. The truncation condition and the Jacobi identity clearly hold for y^i{-, x). It remains to 
prove the L(—l) -property. If we distribute the L(—l) -property for y{-,x) among y^''\-,x) we get 



[L{-i),y^'^'{w,x)\= 

and 



[L{-i),y^''\w,x)] = —y^''\w,x), 

ax 



[L{-i),y^'\w,x)] = ^y('\w,x) + '-±ly(^+^\w,x), 

ax X 

for i < k — I. Thus 

k-l 

[L{-l),y_i{w, x)] =Y.{i + 1)[L(-1), 3^(^+1) {w, x)]log'{x) 

i=0 



= fc£ (y'^^\w,x)) \og^-^{x) + ^(i + 1) (^y^'+^){w,x) + l±Ayi'+^){w,x) \ \og\x) 
fe-1 , 

= Y^{i + i)^[y^'-''Hw,x)iog\x)y 

■ 

The following result gives a sharp upper bound on the depth of (strong) logarithmic intertwin- 
ing operators among a triple of logarithmic M (l)a-modules. 

Theorem 5.5. Let /i(0)|ni ^^'^ ^(0)^2 ^^'^^ ^^^^ 

ih{0)-Xr^\n, = {h{0)-ur'\n,=0, 

and 

ih{0) - / 0, (/i(O) - ur-~'\n, + 0, 



(5.14) < depth(3^) <k = < 
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for some A, z/ G C. Then we have 

( W 

(i) ^oreveryyel[^^^^^^^^^ M(l). ^ 0., 

mi + m2 — 2 for \v ^ 0, 

mi — 1 for A = and ^ 

m2 — 1 for A 7^ and = 

min(mi — 1, m2 — 1) for A = = 

(ii) There exists a canonical embedding 

(5-15) Ii.r^.^ ^ 1 -^Hom^(f7i®J72,f^(M^))®', 

where k is as in (I5J4P . 

(iii) r?je range o/depth(3^) in (I5.34P zs f/ze fcesf possible. More precisely, for every nonnegative integer 
m < k there exists a logarithmic intertwining operator of depth exactly m. 

Proof Here we prove (i) and (ii) only. We will complete the proof of (iii) in Section 7. 

The assertion (i) follows from Lemma l5!2l and |531 Let 3^G/(,,,, Then 

y admits a canonical expansion 

mi+m2— 2 
i=0 

for every wi G M{l)a (8) By Lemma l5!2l for every i, 

y^'\wi,x)w2 G x^^Wiix)). 

Also, for wi and W2 satisfying (L(0) — /ii)™iwi = (L(0) — /i2)'"^W2 = 0, the vector (u;i)Q''^y2 is 
homogeneous of generalized weight /ii + /i2 — a — 1 for every i. Suppose that wi G and t(;2 G $^2 

\ 2 2 

are of generalized weight ^ — aX and ^ — au, respectively. Then for every i, 



defines an -module map 
We claim that 



F^'^ ■.ni(^n2 — > n{w). 



F : I ( ^ ^ ^ , . I — >Romu(ni®n2,n(W))®'' 

F{y) = {F^\...,F^^^^^'-^^), 

defines an embedding. Suppose that Fy^ = for every i. We have to show that y = {). 

Firstly, we prove that y{wi,x)w2 = for every wi G Oi and W2 G 1^2- In order to prove that we 
observe first that the contragradient (or dual) module of W , denoted by W' , is again a logarithmic 
module generated by ^{W') = Q.{W)' . By the assumption we have 

{w'^,y{wi,x)w2) w;3 Gfi(Ty')- 



14 ANTUN MILAS 

Furthermore, for every G Q.{W') and n > 1 we have 

(/i(-n) •u';j,3^(u;i,x)u'2) = -{w'^, x-''y{h{0)wi, x)w2) = 0. 
Since M^' is generated by h{n), n < —1 from ^}{W'), the previous formula gives 

{'w'^,y{'Wl,x)w2) = 0, 

for every w'r^ G VF'. Hence, 3^(t(;i, x)tt;2 = for every wi G fti and w;2 G fi2- Finally, M{l)a ^ fii is 
generated by ilj, so y{wi , 3;)w2 = for every Wi G M(l)a (g) i = 1, 2. This proves the injectivity. 

In Section 7 we will complete the proof of (iii). Now, let us assume that there exists y and W 
such that depth(3^) = k where /c is as in (|5.14|l (i.e., depth(3^) reaches its upper bound). Then to 
construct with depth(3^j) = k — i, for i = I, k we simply apply Lemma l5!4l ■ 

6. The OPERATOR "x''^")" 

Let us recall that every endomorphism of a finite-dimensional complex vector space admits a 
unique decomposition 

h{0) = h,{0) + hn{0), 

where hs{0) and hn{0) are the semisimple and nilpotent part of /i(0), respectively such that /is(0) 
and hn{0) commute. 

The following elementary fact will be of use in the next section: Let be a finite dimensional 
vector space and h{0) an endomorphism of Q,. Then 

(6.16) giog{x)h„ (0)^^40)^ 
is a solution of the ODE 

x-^A{x) = h{0)A{x), 
ax 

where 

A{x) : V — > V{x}[log{x)], 

is a linear map. The operator valued expression (|6.16|) is a replacement for x^^'^^ that (in the case 
when h{0) is semisimple) appears on many places in the literature. Clearly, the "operator" x^^^^ 
for h{0) nonsemisimple is not well-defined. 

7. Logarithmic intertwining operators for M(l)a: The proof of the existence 
In this section to every T^^^, G Ron^i^li ^2, J^s) we associate a linear map 

y{;xy : VF2 ^ W3{x}[log{x)], 
Wi = M{l)a^ni, i = 2,3, 

with the following properties: 

(7.17) [h{n),y{w, x)] = x"3^(/i(0) ■w,x), neZ, 

(7.18) [L{-l),y{uj,x)]=^y{w,x), 

for every w ^ Ui. We will construct this map explicitly. Our construction mimics the well-known 
formulas when are all one-dimensional, which will be a special case of our construction. 
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Firstly, we fix a basis B = {wi, ...,Wn} for fli in which /i(0)|ni admits a Jordan form consisting 
of a single Jordan block so that 

h{0) ■ wi = Xwi, 
(7.19) h{0)-Wi = Xwi + Wi-i, foi2 <i <n. 

Let 



/ h{x) = MO)log(x) + ^ ^^""^"^ 



—m 

rn>0 



—m 

m<0 



Formal differentiation yields 



Let 

Xh{m)x~'" 



E+{\,x) = exp 



—m 

m>0 



E (A, x) = exp 2^ - 



—m 

m<0 



Here we use a slightly different notation compared with |LH : E'^{X,x) are usually denoted by 
E^{—X, x). The following lemma is easy to prove (see for instance |IFLM|I , KIL BLLL etc.). 



Lemma 7.1. 



[Li-l),E~i\x)] = ( Xhin)x-^~')E-iX,x), 

n<-2 

(7.20) [L(-l),S+(A,.x)] =^+(A,2;)(^A/i(n)x-'^-^). 



n>0 



Similarly, 

Also, 
so that 



[h{n),E-{X,x)E+{X,x)] = x''XE-{X,x)E+{X,x), for n ^ 0, 
[h{0),E-{X,x)E+{X,x)] = 0. 

[h{0),T^^{w)]=T^^{h{0)-w), weni, 



[h{0),E- (A, x)E+{X, x)T^l (^w)e^og(x)\h„{o) ^\hs(o)^^ 
(7.21) = E-(A,x)S+(A,x)Tg(/i(0) • w;)e'°g(^)^'^"W2;^''-(0). 
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Lemma 7.2. For every w e 0,iwe have 



[L(-l),S-(A,2;)S+(A,x)T^^3(^)giog(x)Ah„(o)^Ah4o)] 



,n<-2 



in>0 



(7.22) +/i(-l)S-(A,x)^+(A,x)rg(/i(0) •u;)e'°s(^)^'*"(o)x^'*=(°). 



particular ifh{0) ■ w = \w, then 



[L(-l), ^^(A, x)E+{X, x)T^l (^„)eiogWA^40)^Ah,40)] 
(7.23) ^ (^~(A,x)£;+(A,x)r^^(u;)e'°s(^)^'*"(o)x^'*»(°)' 



Proof. Let us recall that L{—1) = ^ Z]„gz '.^{—n — l)h{n) I, which does not depend on a. For 
simplicity let 



A{\,w,x) = ^-(A,2;)^+(A,2;)rj^^='('Uj)e^°s(^)^^"Wx^'^=(°) 



By using 



[L{-l),T^^{w)]=h{-l)T^^ih{0)-w) 
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we have 

[Li-l),A{X,w,x)] = ( A/i(n)x-"-M ^"(A, 2;)E+(A, x)Tg(u;)e'°sW^'^«(o)x^'^»(o) 

\"<-2 / 

+E~{\,x)E+{X,x) I ^A/i(n)x~"~M Tj^3(y^)giog(x)Ah,„(o)^Ah,(o) 



,n>0 



-E~ (A, x)£;+(A, x)/i(-l)rg (/i(0) • w)e 



A/i(n)x-"-^ E-{X,x)E+{X,x)T^^{w)e 



'^3^„^>gWA/l„(o) Ah4o) 



, n<-2 



+£;-(A,x)£;+(A,x)r^^=^(t/;)ei°s(^)^'^"Wx^'^»W A/i(n) 



in.>0 



+Ax-l^-(A,x)^+(A,x)rj^^='(/l(0) • u;)el°g(^')A/^n(0)^Aft,(0) 

-x-U^-(A,x)E+(A,x)rg(/i(0) •t/;)e^°§(^')^'^"(°)x^^=(°) + 
/i(-l)S-(A,x)^+(A,x)rg(/i(0) • ^^)ei°gW^^«(o)a;^'^-(o) 



^ A/i(?i)x-"-i ^-(A,x)^+(A,x)r/^^='He- 



'?3^„^>g(a:)A/i„(0)^Aft40) 



in<-2 



+^-(A,x)^+(A,x)Tj^^^He'°s(^)^''"(°)x^'*^(°) A/i(n)x-"-^ 

\n>0 

+/i(-l)^"(A,x)^+(A,x)r^3(/i(0) • t/;)ei°s(^)^''"(°)x^^^(°). 



Lemma 7.3. 

[/i(n),£;"(A,x)^+(A,x)Tj5^^^Hei°§(^)^'*"(°)x^'^^(°)] 
= Ax''S-(A,x)E+(A,x)r^^(u;)e'°sW^^"(0)2.Ah.{0)^ forn ^ 0, 
[/i(0), (A, x)E+{X, x)rg (u;)el°g(^-)A/^n(0)^Ah.(0)] 
= E-{X,x)E+{X,x)T[^^{h{0) ■ uj)e^og{x)Xh„{o)^\h,{o)^ 
The following theorem gives a solution to equations (|7.17|) and (|7.18|) for a Jordan block of length 

n. 

Theorem 7.4. Assume that Wi satisfy (I7.19P . Let 

(7.24) 3^(w;i,x) = ^-(A,x)£;+(A,x)r^3(u;i)e^°§(^')^''"(°)x^''»(°), 
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and for 2 < i < n, let 



(7.25) 




Then 



[L{-i),y{wi,x)] = —y{w^,x), 

(7.26) [h{n),y{wi,x)] = x^'yihiO) ■ Wi,x). 

Proof. We already proved the formula in the i = I case. So we may assume i > 2. For every j > 1 
we have 



^'f^'^\ -{X,x)E+iX,x)T^^iwi)e'-^^-^^''-^^^ ' ] = 



, n<-2 



(jj! ax \ ^ J [i — I — j)\ 



,n.>0 



d ({rh{x)y 



dx \ 



E-{X,x)E+{\x)T^l[wi)e 



>g(x)Ah„(0)^A/i40) 



i-l-j 



{i-i-jy. 



i-l-j 



{i-i-jy. 
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For 2 < I < i — l,hy using Lemma [7!2l we have 

hin)x~^-A E~ (A, x)E+{X, x)T^l (^^)eiog(x)Ah.„(o)^Afe4o) 

/ ^ Xh{n)x~^~A E-{X,x)E^{\,x)T^^{wi)e'°^^-^^^"^'^x^'^^^^^ 

\n<-2 I 



,n>0 



i-l-j 



-hi-l)E~{X,x)E+iX,x)T^-'ih{0)-wi)e'''^^''^^''-^''^x^''^^^^^ „ 



^Cr^ (^-(A,x)^+(A,x)r^^^(zz;,)e'°s(^)^'^"Wx^'^»W) ^{^ E^^^ 



— n— 1 

n>0 



nix " 



> r).>0 



-h{-i)E- (A, x)ii;+(A, x)r^^=' (^^_^)eiog{x)Ah„(0)^Ah.(0) | ' ' 

J J)- 



(j)! V ^ ' ^ V ' . u.v w ; 

dx y j\ "2 _ / _ J 

-/,(_!) ^^^^^^""I (A, x)i;+(A, x)rg (^,)e'°gW^^" Wx""- W l^^^'^y^"^',"' 



(n)x 

,n>0 
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Also, by Lemma [7!2l we have 



dx V 

+h{-l)E- (A, x)E+ (A, x)T^l (u;i_i)e'°s(^)^'^"(0) . 



By combining the previous three formulas we obtain 



^ [L{-1), E-{X, x)E+{X, x)Tg (^,)e'°g(^)Afen(0)^Ah..(0) H^))' ''^ j 



=1 i=o 



E E i ( ^^^i^" (A, .)ii;-(A, x)rg (.Oe'-(^)-"(°)x-^(o) ^-y— yr 



z=i i=l 



/=2 i=0 



= -^y{wi,x) 

dx 



Z=l i=l 



17— i' \ ^^^^^3/'„,,. , ^^log(a;)Ah,„(0)^A/ls(0) 



log{x)Ah„(0) A/i^O) ' 



+M-1)EE I J'^ E-{X,x)E+{X,x)T^l{vJi.,)e 

1=2 j=0 

= -^y{wi,x). 

dx 



LOGARITHMIC OPERATORS AND VERTEX OPERATORS 21 

Assume now that n > 0. The formula (|7.26|) certainly holds for i = 1. Then for i > 2, by Lemma 
17.31 we get 

1=1 \j=o ' ^ 



1=1 \ j=o {'>- 3 )■ 

1=1 \j=0 ^' ^'^ 

= x''y{wi-i,x) + x''\y{wi,x). 

Consequently, 

[h{n),y{w^,x)]=x''y{h{<d)-w^,x). 
It is easy to see that the previous formula holds for n < as well. Finally, by Lemma [731 

[h{Q),y{w^,x)] = y{h{Q) ■ w^,x). 

■ 

Remark 3. Even though the intertwining operator y{w^x) associated with T^'^^^ was defined 
for a single Jordan block only, it is now straightforward to define y{w,x) for an arbitrary finite- 
dimensional I] -module ili. 

Finally, we have a description of logarithmic intertwining operators among a triple of logarith- 
mic modules with finite-dimensional vacuum spaces. 

Theorem 7.5. Let Wi = M{l)a ® r^i, W2 = M{l)a ® O.2 and W3 = M{l)a ^3 as above and 

T^f^f,^ GHom^(17i,Hom(f]2,J^3)), 

then y{w, x) associated with T^^^^ as in Theorem [Zll and defined for w & Qi only, extends uniquely to a 
logarithmic intertwining operator of type (ly^^J- 

Proof. Because of Theorem [73] and Theorem l4.5l it only remains to show (|4.10|) . The formula (|4.10P 
clearly holds in the case when v = 1)1 by Theorem 17.41 But the vertex operator algebra is 
generated by the vector 1)1 so (|4.10|) holds for every homogeneous w € M (l)^ (cf. Proposition 
7.1.5 and 7.3.3 in UM )■ ■ 
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Proof of TheoremEB(iii). We choose 17 (H^) = 17i «) Jlz, such that T^^^^^^ = Id e Hom^(17i(g)J72,f7iO 

02). Let 3^ G I ( ^ ^,^-^^^^1^ ^l!^^^'^ ^ I as constructed in Theorem 17.51 and Theorem 17.41 It is 

not hard to see that for such y and Xu / 0, we have depth(J^) = mi + 7112 — 2, because of (|7.24|) 
and ((ZSS)) . Similarly for A = or v = 0. ■ 



8. Mock logarithmic intertwiners among ordinary modules 

In this section (which is completely independent from the rest of the paper) we construct certain 
operators related to logarithmic intertwining operators studied in earlier sections. These operators 
involve logarithms but operate among ordinary M(l)a-modules. The next result has already been 
proven. 

Proposition 8.1. The only logarithmic intertwining operators among M{1, X)a, M{1, v)a and M(l, A + 
v)a are the ordinary intertwining operators. 

Proposition 8.2. Suppose that in Definition \1.2\ we allow to satisfy (13. 6P . Under this new def- 

inition, there exists a nontrivial (mock) logarithmic intertwining operator among every triple of ordinary 
M{l)a-modules M (1, A)a, M (1, v)a and M(l, A + v)a, provided that \v / 0. 

Proof. Let 3^ € / {m(iX)''^~ki(1v) )• I* is easy to see that the operator 

satisfies the Jacobi identity, but it doesn't satisfy the L(—l) -property. For the same reason 

3^(-,x)x-^^(°)/i(0)'^log(x)'= 

satisfies the Jacobi identity (notice that ^(O)*' acting on M(l, u)a is merely v^), but again it does not 
satisfy the L(— l)-property. Finally, we consider 



Log\ J J ^ \ ^ J"^ ^ ; 

where 

gA/.(o)iog(x) ^ A"/i(0)"log(x)" 
^ 77,! 

n.=0 

Now, as before yiog{-,x) satisfies the Jacobi identity but also the L(—l) -property 

[L{-i),yiog{w,x)] = -^yiog{w,x), 

which follows from L(—l) -property for y{-, x) and the formula 

-^(a;"^''(°)e^''(°)^°s('')) = 0. 
dx 
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9. Indecomposable and logarithmic representations of the Virasoro algebra of 

central charge c = 1 

In Section 7 we described logarithmic intertwining operators associated with logarithmic M{l)a- 
modules. Here we restrict our construction to an important vertex operator subalgebra L(l, 0) = 
U{Vir) ■ 1 C M(l)o, where L{c,h), {c,h) G denote the irreducible lowest weight irreducible 
module for the Virasoro algebra of central charge c and lowest conformal weight h IIKRL For 
simplicity, we shall also use M(l) instead of M(l)o. Results from this section form logarithmic 
extension of several results from [M2| . 

Let us introduce some notation. Let be a Fir-module. By • we will denote a lowest weight 
vector inside W such that U{Vir<Q) • • is an irreducible lowest weight module (every • is of course 
a singular vector in W). By a o we will denote a vector that becomes a lowest weight vector in 
the quotient of W by moding out the submodule generated by all lowest weight vectors. These 
vectors will be called subsingular vectors. Similarly > will denote a vector that becomes a lowest 
vector after quotienting with the submodule of W generated by all lowest weight vectors and 
all subsingular vectors. Such a vector is called a sub-subsingular vector. One can continue in 
this manner and introduce vectors that become lowest weight vectors after quotienting with the 
submodule generated by the lowest weight, subsingular and sub-subsingular vectors, but we shall 
not need those in the paper. An arrow o ^ • indicates that • is contained in the submodule 
generated by o, etc. We also recall here that cosingular vectors are those vectors that are being 
mapped to singular vectors in the contragradient module. There is also a pairing between singular 
vectors and equivalence classes of cosingular vectors in a module. 

Let us illustrate these definition with an example: Let be a Fir-module such that 

(9.27) ^ L(l, m^)^W ^ L{1, (m + 1)^) ^ 0, 

is a nonsplit extension, so that W is generated by a subsingular vector of weight {m + l)"^. This 
extension may be visualized as follows 




o 



where the arrow pointing up indicates that the conformal weight of • is smaller than of o. More 
complicated diagrams will appear later. 

In the previous example we implicitly assumed the following result (see l|M2| '). 

Proposition 9.1. For every k,m E Z, we have 

Ext^,,,^(0)(L(l,A;2),L(l,m2)) = C, 

if and only if \k — m\ = 1. In all other cases Exty^^ ^^-q-) is trivial. 

Our aim is to determine Virasoro submodule structure of M(l) (g) (viewed as a Fir-module) 
for some special h{0)\Q. 

The first part in the following result is well-known (see for instance IIKRI ). For the second part 
see iDGl or llM2ll . 
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Theorem 9.2. Viewed as a Virasoro module M{1) decomposes as a direct sum of irreducible Virasoro 
modules 



(9.28) M(l) = L(l, 



m=0 



Ifu'" denotes the lowest weight vector (unique up to a nonzero scalar) o/L(l, m^), then the Virasoro module 
generated by Y{u^, x)u"^ decomposes as 

(m + nf) e L(l, (m + n - 2f) • • • © L(l, (m - nf). 

The previous theorem can be used for construction of some intertwining operators among ir- 
reducible L(l, 0)-modules. This construction reUes on non-vanishing of certain 3j-symbols IIDG| , 
IIM2L For instance, dim / {i^i^i^^^'^i ly) = 1/ but this "fusion rule" is not covered by Theorem l9.2[ 

Here is a useful consequence of Theorem 19.21 

Corollary 9.3. The Virasoro module generated by 

{/i(-n)u" : n e Z} 

is isomorphic to 

(9.29) L(l,(m-l)2)©L(l,(m + l)2), 

for m>l. If m = the first summand in (I9.29P is trivial. 

Proof. We just have to observe that 1)1 = v}, so that Y{v},x) = J2n£Z h{n)x~^~^ . Now, apply 
the previous theorem. ■ 

Lemma 9.4. Let /i(0) |n be a nilpotent operator. Then M(l) (g)^}isa self-dual M {l)-module, i.e., [M (1) (g) 
f])' = M(l) (g) Q. Clearly, the same is true ifM{l) (g) is viewed as a Virasoro algebra module. 

Proof. Every logarithmic i\f(l)-module W is uniquely determined by the /i(0)-action on Q,{W). 
Thus, two logarithmic A/(l)-modules M(l) (g) ili and A/(l) (g 1^2 are equivalent if and only if there 
exists ^ -.Qi — such that h{0)\n^ = '^~'^h{0)\n^'^. The module (M(l) ® n)' is isomorphic to 
M(l) (g) W, where the action of /i(0) on the dual space Q' is given by 

(/i(o) ■w',w) = -{w',h{o) -w), w e n,w' € n', 

so that h{0)\fi' = -h*{0), where h*{0) is the dual map. The operator h{0) is nilpotent, thus -h*{0) 
and consequently h{0)\Qi are nilpotent as well. But — /i(0)* and h{0) admit the same Jordan form, 
so there exists ^' with wanted properties. ■ 
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Theorem 9.5. Let Vthe a two-dimensional space and h{Q)\^ 7^ 0, /j(0)^|n = 0. Then viewed as a Virasoro 
module, M(l) (g) $7 is generated by a sequence of subsingular^ectors as on the following diagram 



(9.30) 




where the s-th • and o, counting from the top, have conformal weight (s — 1)^, s > 1. Here dotted arrows 
indicate the action of the transpose ofh{0), which uniquely determines every o. 

Proof. Firstly, we may and will choose a basis {wi, 1^2} of Q such that h{0) -101=0, h{0) ■ W2 = wi, 
so that h{Of ■wi = W2 and /i(0)^ . W2 = 0. Since h{0)'^\n = 0, the module M(l) (g) is L(0)- 
diagonalizable. From the Virasoro algebra embedding M(l) ^ -^'^(1) ® ^, where we use the 
identification M{1) = ■ wi, and Theorem I9.2[ it is clear that M(l) (g) contains a sequence 
of singular vectors of weight for every m > 0. These singular vectors, displayed in the left 
column of (|9.30|) by • are determined up to a constant. Let u"^ = Pm{h)wi denotes such a vector of 
weight m^, where Pm{h) is a polynomial in h{—i), i > 1, of degree m?. As we already mentioned 
there are also vectors in M(l) (g that become singular after quotienting with M{1). These vectors 
are uniquely determined if we assume that every o is obtained from • by applying /i(0)^ to n*". 
These vectors will be denoted by n^'™, m > 0, so that n^'™ = h{0)'^u'^ = Pm{h) ■ W2. It is clear that 
M(l) g) is generated by = {u^ : m > 0} U {«^'™ : m > 0}. It remains to prove that we can 
reduce the generating set S down to {u^'"^ : m> 0}. The short exact sequence of Vir-modules 

— > M(l) — > M(l) (g ^ M(l) — > 0, 

together with Theorem l9.2l gives 

— > ®m>oL{l, rr?) — > M(l) ®Vt^ e^>oL(l, rr?) — > 0. 

Thus M(l) (g) 0, which is L(0)-diagonalizable, gives a nonzero element in 

(9.31) Exti.,,_^(o)(©^>oL(l, m^), ©„>oL(l, n^)) = J] H Extt.„,i(o)(i(l, m^), L(l, n^)). 

m n 

Now, Proposition 19.11 implies that 

(9.32) Ext^,,^^(o)(e^>oL(l,m2),©„>oL(l,n2)) ^ [] Ext[.,,^^(o)(L(l, m^), n^)). 

\m—n\=\ 



These subsingular vectors are also cosingular. 
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Already from the previous formula it is clear that there could be at most two arrows exiting from 
^2,m ]\jow, we determine these arrows for every m. For m = 0, there is precisely one outgoing 
arrow from n^'° pointing to u^. This follows from L{—l)'W2 = h{—l)h{0)w2 = h{—l)wi = u^, 
where is the lowest weight vector of L(l, 1) C M{1). 

Claim: For m > 1, from each u^'™ there are precisely two outgoing arrows; one pointing to u"^~^ 
and the other pointing to u™"*"^. 

To see that we write the generator L{n), n G Z as 



2 



Now, 



L(n)n2''" = L{n)P^{h)w2 
h{{))h{n) + ]- Yl '.h{k)h{l) : I Pm{h)w2 = h{n)Pm{h)wi + L{n)Pm{h)w2, 



where 



By using Corollary I9.3[ we have 

h{n)Pm{h)wi e L(l, (?n - l)^) L(l, (?n + l)^), n G Z. 
Combined with L{n)v?'"^ = 0, n > 1, it follows that there exists a"*" G U{Vir-^Q), such that 

This proves that there is an arrow pointing to u™^^. Let us recall that under taking the dual 
the singular vectors in M(l) (g) Q. are mapped to cosingular vectors and vice-versa. In addition, 
orientations of arrows are reversed. Now, Lemma yields an isomorphism between M(l) (g) 
and its dual, which maps singular vectors to cosingular vectors u;^'™ and cosingular vectors 
^2,m singular vectors such that w"^ and w^'™ form a Jordan block with respect to /i(0) (i.e., 
/i(0) • w'^ = 0, ^(0) • vlP'''^ = w^). Clearly, w"^ generates the lowest weight module L{1, m?). Thus, 
there will be an arrow pointing down from w"^'"^^^ to lu™. Now, by using the same argument as 
before we argue that there is an arrow pointing up from every w"^'"^ to lu™"^. The proof follows. ■ 
Here is a useful consequence of the previous theorem. For simplicity we only consider Q, with 
dim(O) = 3. 

Corollary 9.6. Let Q be a three dimensional Ij-module such that h{0)^\Q = and /i(0)^|n 7^ 0. Then, 
viewed as a Vir-module, M(l) O is generated by a sequence of sub-subsingular vectors (denoted by \>} 
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as on the following diagram 
(9.33) 













where every o (resp. \>) is obtained from • (resp. o) of the same generalized weight by applying the transpose 
ofh{0). For simplicity we do not display doted arrows and arrows obtained by the "addition of arrows" rule. 



Proof. From an embedding M{\)'^Q.2 
y2,m ^j-^^ li^ii as in Theorem 19.51 Let w 



M(l) (g) O3 it is clear that there will be arrows connecting 
is represented by a [>. By arguing 



S'*^ - /i^(0)n2'", so u^'" 



as before, from each u'^'™ there will be arrows pointing to ^^^n^+i and 



u 



2,m-l 



So we only have 



to show that there are no additional arrows from ti'^'™ except those displayed on (|9.33|l . From the 



formula L(0)ti'^'" = n^u^'" + it follows that u" and u"^'" form a Jordan block with respect to 



L(0). But n" can be also reached from li'^ " via an oriented path n' 



,3,n 



j2,n+l gQ |-]-,gj-g no 



need to display an arrow from li^'" to u"^, because the submodule generated by u^'"^ contains li". 
Similarly with u'^'" and u"'~^^. ■ 



10. Hidden logarithmic intertwining operators 

1 




Suppose that h{0)\Q2 in some basis {wi,W2} for ^2 is represented by 



, and /i(0)|f73, in 



1 
1 




some basis {wi,W2,W3} for Q^, is represented by 



Then a surjective map 



defined by 
(10.34) 
commutes with h{0). 



W2 W2 Wi 

W2®W2^ W3, W2(S>Wi !—>■ —, Wi i^W2 f-^ — , Ifl <8> li^l l-^ — 
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Let us denote by W2{1, m?) C M (1) ®Q.2a cyclic Vir-vnodvle generated by u^'^ of weight m?. 
For m > 0, T4^2(l) "^^) can be visualized as a "wedge" in (|9.30|l 




o 



or a single arrow 



o 




in the m = case. Similarly, we denote by ^3(1, m?) C M(l) (g) (cf. Corollary I9.6|) the module 
generated by \>, of generalized weight m?. For every m > 1 this module can be visualized as 




Similarly, M/3(l, 0) may be visualized as 




o 



Again, we shall assume that \> (resp. o) is obtained from o (resp. •) of the same generalized weight 
by applying /i(O)-^. The following Lemma is just a consequence of L(0)m^'™ = m?v?''^ + ^u™, so 
we omit the proof. 

Lemma 10.1. for every m >0 the module ^^3(1, m^) is a genuine logarithmic module. 

The module W-i{l, m^) is a nonsplit extension of m?) by VF2(1, ("i — 1)^) + VF2(1, ("i + 1)^), 
where if m = the first summand is trivial. 
Now we have a logarithmic version of Theorem l9.2[ 
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Theorem 10.2. Let 0,2 and be as above. Then there exists a nontrivial y E I 
such that y projects down to a hidden logarithmic intertwining operator 

W 



W2(l,m2) W2{l,n 



M(l) ®!^3 

M(l) (g) ^2 M(l) Jl; 



yei 

of depth one, where 

(10.35) W= VF3(l,fc2). 

|m — n| < A; < m + n 
^ m + n mod 2 

This sum is not direct, whenever ran ^ 0. 

Vroof. Let 3^ be as in TheoremEHl with T^^^^ as in (|10.34|) . Let 

y{: = y{- ,x) • |w2(l,m2)®lV2(l,n2)- 

We recall (cf . Section 7) that in this case 

yiu'^^x) = y{w^,x) = T^l^^{wi), 

(10.36) y{u^^\x) = y{w2,x) = j h{x)T^l^^iw,)+T^l^^{wi)J h{x) + T^l^^{w2) . 
Also, 

(10.37) y{u^^^, x) = y{Pm{h)u''\x). 

We need a more precise information about the image of y. Since VF2(li ?^^) is cyclic, and gen- 
erated by u^''", the image of y, denoted by W, is actually the Virasoro submodule generated by 
the Fourier coefficients of 3^(u2'™, a;)^^'", 3)('u™±i, x)^^'", y{u^^'^, x)u'^^^ and 3>(^i™±^ x)u"=^^ As 
before, let v?'^ denote a generator of W3(l, k?) of generalized weight k"^. Since L(l, (m — 1)^) ® 
L(l, (m + 1)2)_C VF2(1, m2), then Theorem|92l l|10.36ll and (I10.37D imply that the submodule of W 
generated by 3^(71™^^, x)n"^^ is precisely 

(10.38) L(l, (m - n - 2)^) L(l, (m - n)^) • • • L(l, (m + n + 2)^). 

Now we move "one step higher" or " deeper" in the filtration and determine the Virasoro sub- 
module generated by y{v?''^, x)u"'. From the formula 

/i(0)3^(n2'™,x)n" = 3^(n"^,x)n", 

and the previous discussion it follows that the submodule generated by y{u'^'"^,x)u"'^^ is con- 
tained inside W2{1, {m - n - 1)^) + • • • + W2{1, {m + n + 1)^) and possibly some L(l, /c^), /c^ ^ 
{(m — n — 2)2, {m + n + 2)2}. But having in the image such L(l, /c^) would contradict to 
Theorem 19.21 Similarly, the submodule generated by 3^(1*™^^, x)^^'" lies again inside the sum 
1^2(1, {m — n — 1)2) + • • • + ^2(1, {m + n — 1)2). Furthermore, from 

/i(0)3^(n2'™, x)n2'" = y{u'^, x)^^'" + 3^(n2'™, x)u" 

it follows that the Virasoro module generated by the coefficients of y{v?''''^ ,x)v?'^ is contained 
inside ^3(1, {m — n)^) + • • • + M^3(l, {m + n)2) and possibly some irreducible module L(l, k"^) not 
included in l|10.38|l . But this would again contradict to Theorem 19.21 Thus, we have shown that 
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the image W is contained inside W (cf. I10.35|) . In fact, it is not hard to show that u'^''^ G W for 
k'^ G {{m — n)^, (m + n)^}, which would imply W = W. 

Finally, from (I10.36I ) and ( I10.37D it is clear that 3^ is a genuine logarithmic intertwining operator 
of depth one. ■ 

The module W in the previous theorem has the following diagram representation 

> ... ... |> 



Remark 4. It is not hard to generalize the results from this section to logarithmic modules with 
Jordan blocks of arbitrary size. 

11. Hidden logarithmic intertwining operators among Feigin-Fuchs modules at 

c = 1 - 12a2 

Let us recall that M (1, X)a is a M (l)a-module of lowest conformal weight ^ — aX. As we have 
already mentioned in the introduction, the X = a case (e.g., A = for a = 0) is indeed very special. 
Here is a consequence of Corollary 13.21 



A 1 
A 



, in some 



Lemma 11.1. Let M(l)a®$7, where $7 is two-dimensional and h{0)\n is represented by 
basis. Then M{l)a ^ is an ordinary M{l)a-module if and only if X = a, in which case the Feigin-Fuchs 

2 

module M(l, a)a is of lowest conformal weight 

Let Q. be as in the lemma. It is easy to see that M{l)a C?) (g) 0) is a genuine logarithmic M(l)a- 
modules. Now, we have a consequence of Theorem [721 

Corollary 11.2. Let M{\)a ®^beas in Lemma UJl] Then there exists a genuine logarithmic intertwining 

Example. For a = ^ the vertex operator algebra M(l)i has central charge c = —2. Then M(l)i- 
module M(l) i (g> Q, where /i(0)|q is represented by 



operator of type 



2 

1 



is an ordinary M(l)i -module with the lowest conformal weight — |. The intertwining operator 
constructed in Corollary lll.2l is closely related to logarithmic operators studied in [Gu[ . 
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